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Abstract 

We describe calculations of Jarlskog's determinant in the case of 
n = 3,4 in detail. Next, we investigate some formulas for invariant 
phases of unitary matrices and derive some explicit relations of them. 



1 Introduction 

CP violation is expected in the standard model of particle physics with three 
or more families pQ, [2]. Therefore it is an important problem that what is 
the measure of CP violation with such families which is invariant under the 
action of phase factors. 

To construct invariants for matrix action, the determinant is a useful 
tool. In the previous paper [3J, C. Jarlskog succeeded to define invariants 
of CP violation by using the determinant for commutator of the quark mass 
matrices. For the case of 3 families, it is relatively easy to calculate it. 
Moreover, in that case, her determinant is propotional to an invariant phase 
of unitary matrices. Then she discussed invariant quantities for 4 families 
by using projection operators and the trace of some matrices, but she did 
not deal with her determinant itself for n = 4 |3]. Therefore the problem is 
still remained. An approach to this problem is to use a parametrization for 
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unitary matrices. See [3], [B], [7], [H] and their references within. Geometric 
constructions of them are also studied, see, for example, [U], [ID], [II]- 

In this paper, we show the explicit calculation of Jarlskog's determinant 
in the case of 4 families and we find that it is hard to use the determinant for 
investigations of CP violation in the case of n = 4. Next, we study Jarlskog's 
invariant phases of unitary matrices instead of the determinant, we give some 
useful formulas for them and derive the detailed dependency of them which 
was simply described in the previous paper [6]. 

2 Jarlskog's Determinant 

Let H,H' be n X n-matrices( "mass matrices"), their eigenvalues ("masses of 
quarks") a^, bi (all multiplicities are 1), and their diagonalizations H = 
UDU\H' = f/'D'[/'^ (where U,U' are unitary matrices). Then, we define 
Jarlskog's determinant det[H,H'] as follows [3]; we put a "quark mixing 
matrix" V = U'^U', then we have 

det[H,H'] = det{HH' - H'H) 

= det{UDU^U'D'U'^ - U'D'U'^UDU^) 

= det{DU^U'D'U'^U - U^U'D'U'^UD) 

= det{DVD'V^ -VD'V^D). (2.1) 

We denote Vij as the components of the unitary matrix V, then by a 
straightforward calculation, we have 

{DVD'V^ - VD'V^D),^ = (a, - a,)J2hV,kVjk. 

k 

(I) First we consider her determinant (12.11) in the case of n = 3. This is a 
result of Jarlskog [3]. 

Proposition 1 (Jarlskog). 

det[H, H'] = 2i TB Im (V^i 1^221^12^21) (2.2) 

where 

(i,j)={l,2),(2,3),(3,l) (ij)={l,2),(2,3),(3,l) 
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ProofFFirst, we have 

det{DVD'V^ - VD'V^D) 



3 3 

ik- 



(ij)=(l,2),(2,3),(3,l) fe=l (ij)=(l,2),(2,3),(3,l) ^=1 

Therefore, we obtain 

dei{DVD'V'^ - VD'V'^D)/T 

3 

(i,i)=(l,2),(2,3),(3,l) k=l 

3 

= 2ilm J] ^ 

(i,j)=(l,2),(2,3),(3,l) k=l 

= 2nm (5^fefcV^ifcV^ifc + ?^3^i3V^i3 

(i,j)=(l,2),(2,3),(3,l) \fe=l 

= 2zlm J] (5^6fe^ifeV^,fe + &3(5i,-V^a^,i-^i2VS-3) 

(i,i)=(l,2),(2,3),(3,l) \k=l 
(j,j)=(l,2),(2,3),(3,l) \fe=l 

Ul = l J U2=l J U3 = l 

2 

= 2Um ^ {pk^ - bs){bk2 - h){bks - b3)Vik^V2k^V2k2V3k2y3k3Vik3 

^1,^2,^3=1 
2 

= 2i Im - 63)(&fc2 - b3){bk3 - h) 

ki,k2,k3=l 

X {^Ifci V2fciV'2fc2Vifc3((5fc2fe3 — Vlfca^^lfca — V'2fc2a;2fc3)} 

2 

= 2Um ^ - 63)(fefe2 - b3fVikiV2kiV2k2Vik2 

fel,fc2 = l 
2 

-2i Im ^ - 63)(6fc2 - &3)(&fc3 - &3) 

ki,k2,k3=l 

X {^lfeli4felV2fc2Vlfc2klfc3P + ^Ifel^2fcl2^2fc3^1fc3l^2fc2n} ■ 



We calculate all sums explicitly and we remark that Vii V21 V22V12+V12V22V21 Vii 
is real and its imaginary part vanishes, then we have 

2l Im {(61 - - &3)VnF2i\/22^12 + (&2 - h){hl - ^3) Vi2V22V^2lV^ll} 

= 2l Im {(61 - - &3)VnF2iV22^12 - (&2 - - fe3)VnV^2lV^22^12} 

= 2z Im {(61 - h){h2 - hf - (62 - h){hi - hf] V11V21V22V12 
= 2i Im (61 - h){h2 - h){b2 - fei)V^ii\^2i ^22^12 

Therfore we conclude the proof. 

(II) Next, we consider (12 .ip in the case of n = 4. As mensioned above, 
Jarlskog did not deal with her determinant (12. ip itself for n = 4. Therefore 
we calculate it directly. 
Here we put 

Uij := {DVD'V^ - VD'V^D)ij = (oi - aj) ^ bkVikVjk, (where Uji = -Uij). 

k 

Then we have 

U12 Ui3 Mi4 

-U12 M23 M24 

-Ml3 -M23 M34 
—Uu —U2A —U3i 

= M12M34M12M34 + M13M24M13M24 + M14M23M14M23 

-{U12U24U13U34 + U13U34U12U24 + U14U23U13U24 + U13U24U14U2Z} 

+U14M12M23M34 + Ml2^^23M34^il4 



det{DVD'V^ - VD'V^D) = 
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n + n + n 

JiJ)=(l,2),(3,4),(2,l),(4,3) (ij)=(l,3),(2,4),(3,l),(4,2) (ij)=(l,4),(2,3),(4,l),(3,2)/ 

n + n + n + n 

Ji,j)=(l,2),(2,4),(3,l),(4,3) (i,i)=(l,3),(3,4),(2,l),(4,2) (i ,i)=(l,4),(2,3),(3,l),(4,2) (i,i)=(l,3),(2,4),(4,l),(3,2), 

n + n ) [ j^^fc^ifcV^jfc 

,(ij)=(l,4),(2,l),(3,2),(4,3) (jj)=(l,2),(2,3),(3,4),(4,l)/ I 



fe=l 



= Re 



n + n + n 

^(ij)=(l,2),(3,4),(2,l),(4,3) (i,j)=(l,3),(2,4),(3,l),(4,2) (i,j)=(l,4),(2,3),(4,l),(3,2) , 



2 1 n + n + n 

^(i,i)=(l,2),(2,4),(3,l),(4,3) (ij)=(l,3),(2,4),(4,l),(3,2) (ij)=(l,2),(2,3),(3,4),(4,l)^ 

4 

(oj - aj)^bkVikVjk 

k=l 

Here we put 

T{ij){ki) (oj - %)^(afe - aif, T^ijki) := (a^ - aj){aj — ak){ak - ai){ai - Oj) 

B{ij){ki) ■= (bi - hjf{hk - hiY, B(^ijki) := (6, - hj){hj - h){h - h)Q>i - h) 

bkA '■= bk — hi 

and we remark 

3 3 

ViiVjA = 6ij - ^ VikVjk = - VikVjk {i 7^ j), 



k=l 



k=l 
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then, 



Re 



(12)(34) 



n 



■ (13){24) 



n 



(14) (23) 



n 



(i,i)=(l,2),(3,4),(2,l),(4,3) 



(ij)=(l,3),(2,4),(3,l),(4,2) 



(i,i)=(l,4),(2,3),(4,l),(3,2) 



-2 1 \T< 



(1243) +^(1324) +7^(1234) JJ^ 

(ij)=(l,2),(2,4),(3,l),(4,3) (ij)={l,3),(2,4),(4,l),(3,2) (ij)=(l,2),(2,3),(3,4),(4,l) 

3 

bikyikVjk 

k=l 



Re 



Tn 



■ ■ - bu .A Vmc, Vofc, Vqfc, Vdk^ Vofc, Vi h, VAk.A Vqi 



(12)(34) ^ ^'fei4 • • • Wfe44 VikiV2kiV3k2^4:k2^2k3^1k3^4:k4^3k4 
ki,— ,fe4=l 
3 

+7'(13)(24) ^ bk^A- ■ -bk^i ^lifciV3ikiV2fc2^fc2^3fc3^1fc3^4it4^2fe4 

fcl,--- ,fe4=l 

3 

+7'(14)(23) ^iki4 • • • ^ik44 Kiki^4ikiV2A;2^3A;2^A;3^1ik3^3fc4^2fe4 

—2(7(1243) ^ ^'fei4---&fe44 Vife^y2feiV2jt2V4it2^3ifc3^1fe3^fe4^3jk4 
\ fei,— ,A;4=1 

3 

+21;i324) bkii---bk^4 Vife^ySfci V2fc2V4A:2^4A:3Vlfc3V3fe4V2fe4 

fci,--- ,A;4=1 

+7(1234) ^ bkj^A ■ ■ ■ bk^A Vik-y2k'y2k2^3k2^3k3y4:k3yikA^lkA 

ki,- - ,fe4=l 

Here we introduce some notations; 

[ap-Jk] := V^jVsfcV^fcV^^j-, (a6c) = {abc]kxk2h) := VakiVbkiVbk2Vck2Vck3Vak3- 
Moreover by using a relation 

^fe2^fe4 — ^k2k4, ~ ^Ife2^1fe4 ~ ^2ik2^2jk4 ~ ^3fe2^3fe4) 



then, for example, the coefficient of T(i2)(34) is 

3 

6fci4 • • • 6fc44 Viki ^2ki V3k2 ^4fe2 ^2fe3 ^1^3 ^A:4 ^3A;4 

,fe4=l 

3 

&fei4 • • • &fe44 [12; hka] [34; /i;2/i;4] 

fci,--- ,A;4=1 

3 3 

^ hiihl^Ahzi [12; /ci/caJlyafc^l^ - ^ 6jki4 • • • 6^44 [12; /ci/cg] [31; k2ki\ 

ki,k2,k3=l ki,---,k4=l 

3 3 

- XI ^iki4- • -^^44 [12;/ciA;3] [32;/c2/c4] - ^ &fci4 ■ ■ ■ &fc44 [12; /ciA;3] [33; /c2/i;4] 

fcl,---,fc4=l fcl,---,fc4=l 

3 3 

X] hi4bk24bl^4 [12; ^i^2]|V3ifc3|^ - X &ifci4 • • • ^'ifc44 [12; kik2] [13; /c3/i;4] 

ki,k2,k3=l ki,---,k4=l 

3 3 

- J2 hrA---bk,4[l2;kik2][23;ksk4]- J] &fei4 ••• &fe44 [12; A:iA;3] 11^3^/114^41' 

fel,---,fe4=l fel,--- ,fe4=l 



Furthermore, the coefficient of — 2T(i243) is 

3 

4 • • • 6yk44 Vik^V2kiV2k2 Viki ^3k3 ^lk3 14ik4 1^3A;4 

fcl,--- ,fc4 = l 

3 3 

= X &ifci4&fe24^fe34 (123; A;iA;2A;3) - ^ &fei4 • • • &fe44 [12; A;iA;2] [31; A;3M 

ki,k2,k3=l ki,— ,k4=l 

3 

- X! ^fci4---&fc44 ((l23;/cifc4fc3)|1/2fc2r + (l23;A;ifc2/c3)|14fc4l') 

ki,— ,k4=l 

3 3 

= hi4bk24bl^4 (312) - X 6fei4 • • • &ik44 [12; kik2] [13; A;3A;4] 

fcl,fc2,fc3 = l kl,--- ,k4 = l 

3 

- 5] K4---bk44 (123)(|1/2fe4r + |14fe4l')- 

fcl,--- ,fc4=l 

Then, we can sum up the coefficient of — Y^ki fc4=i bkiA ■ ■ • ^^44 [12; kik2\ [13; A;3A;4]; 

T'(12)(34) + ^(13)(24) - 2T(i243) = 7'(i4)(23), 



similary, the coefficient of - Yf^i,- ,k4=i ^'^i^ ' ' ' ^'^^^ t-*"^' ^1^2] [23; /C3/C4]; 

T{12)(U) + ^(14)(23) - 27(1234) = 7'(13)(24), 

and the coefficient of - ^^^^,...,^4=1 hi4 ■ ■ ■ h^A [13; kik2] [23; /C3/C4], 

7'(13)(24) + ^(14) (23) - 27(1324) = 7112) (34) 

Therefore we obtain the following theorem; 
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Theorem 2. 

det(WD'0 - VD'V^D) 

3 

--Re T(i2)(34) ^ &fci4&fc24&fc34 [12; A;iA;2]|V3fc3|^ 

fei,A;2,fc3=l 

3 

+r(i3)(24) ^ &fei4&fe24&fe34 [l3;/Cl/C2]|V2fe3|^ 

fcl,fc2,fe3 = l 

3 

+7(:i4)(23) X] hi4bk24bl^4 [23; A;iA;2]|Vife3|^ 

fcl,fe2,fc3 = l 

-2 I T(i243) ^ &fci4&fc24&fc34 bki4bk24.bk34. (132) + T(i234) 7^&fei4&fc24&A;34 (123) 

\ fcl,fc2,fe3=l 

7'(i2){3i) ^ &fci4---&ifc44 ([13;/ci/i;2] [23;/i;3/i;4] + [12;/ci/c2] iVajfcal^lVafcJ^) 

fel,--- ,fe4=l 

3 

+r(i3)(24) J] &iki4 • • •&fe44 ([12; A:iA;2] [23; A;3A;4] + [13; kik2] |T^2fe3n'^'2ik4r) 

ki,--- ,k4=l 
3 

+T{u){23) ^ bk^A ■ ■■bk^i ([12; kik2\ [13; k^k^] + [23; /ciA;2] |V^ifc3n^ifc4r) 

fcl,--- ,fe4=l 

-2 ( 7(1243) J] bk,4---bk,4 (312)(|l/2ik4r + |V^3fe4r) 

\ fcl,--- ,fc4=l 

3 

+T(1324) Yl hr4---bk,4il^2){\Vikf + \V2kf) 

+T(1234) J2 bk,4---bk,4{l23){\V,kf+\V3kf) 
Remcirk We have a relation 

7'(12)(34) + 2^(13)(24) + ^(14)(23) " 2T(i243) — 2T(i324) — 2r(i234) = 0. 

However, we cannot sum up this determinant to more compact form any 
more. Therfore we conclude that, in case of n = 4, it is hard to use Jarlskog's 
determinant for investigations of CP violation. 



3 Invariant Phases of Unitary Matrices 

To study CP violation, we need quantities which are invariant under the 
action 

V ^ diag{e'^\ ■ ■ ■ ,e*^") V diag{e'^'\ ■ ■ ■ ,e<). 

One of them is Jarlskog's determinant det[if, H'] and in the case of n = 3 
it has a simple form 

det[H,H'] = 2i TB Im ( 1^/22 Vl2V^2i). 

However, as we showed in the previous section, the determinant is much 
complicated and it is hard to use it in the case of n > 4. Therefore, according 
to we introduce invariant phases of unitary matrices. 

Definition 3. 

{a(3]jk) := Im (VajVpkVakVf^j) , 
< ap;jk >:= Re {VajV/skVakV/sj) . 

First we have 
Lemma 4. 

{a(3; kj) = —{af3;jk), {(3a; jk) = —{aj3;jk) {antisymmetric w.r.t. a and (3, j and k) 

< aP; kj >=< aP;jk >, < (3a] jk >=< aP;jk > {symmetric w.r.t. a and (3, j and k). 

Proof: The proof is easy. 

In case of n = 3, we have already showed det[i7, H'] = 2i TB (12; 12) . 
To investigate relations of {a(3; jk)s or < a(3; jk >s, the following proposition 
is fundamental. 

Propositions. (I) (Unitary relations of imaginary part) 

n n 

jA;) = 0, ^^(q;/5; j/c) = (row unitary relations), 

a=l 13=1 
n n 

j/c) = 0, ^^(a/?; j/c) = (column unitary relations). 
j=i k=i 

(II) (Unitary relations of real part) 

n n 

< a(3\jk >= Sjk\V^j\'^, < a(3\jk >= Sjk\Vaj\'^ (row unitary relations), 

a=l (3=1 
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< af3]jk >= Sai3\Vak\'^, < aP]jk >= Saf3\Vaj\'^ (column unitary relations). 

j=i k=i 

n n 

Proof: We only prove jk) = 0. Noting that unitary relations VajVak = 

a=l a=l 

6jk, we have 

n n 

= Im J^iVa.VpkV^kVpj) 

a=l a=l 

n 

= Im {J2iVa,%k)VpkVp,) 

a=l 

= Im {6jkVi3kVpj) 
= 0. 

We can prove other relations in a similar way. Therfore we conclude the 
proof. 

By using the proposition [5l in case of n = 3, if we remark relations 
(a/3; jj) = 0, then we have 

(12; 13) = -(12; 11) - (12; 12) = -(12; 12), (12; 23) = -(12; 21) = (12; 12), 

(13; 12) = -(12; 12), (13; 13) = -(13; 12) = (12; 12), 

(13; 23) = -(13; 21) = (12; 21) = -(12; 12), 

(23; 12) = -(21; 12) = (12; 12), (23; 13) = -(23; 12) = (21; 12) = -(12; 12), 

(23; 23) = -(21; 23) = (21; 21) = (12; 12). 

Therefore we have one independent invariant phase (12; 12) . 

Next, in case of n = 4, because of (a, /5), (j, fc) = (1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4), 
we have 6 x 6 = 36 possibilitiesDIn view of the theory for CP violation, we 
would like to find only three invariant phases in the case of n = 4. To show 
this, according to [B], we put 

Raj :=< a,a + 1; j,j + 1 > (a,j = 1,2,3), 

Jaj := (a,a + 1; j,j + 1) (a, j = 1,2,3). 
Then we have the following proposition. 
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Proposition 6. We put 

J ~ [Jaj 



J a = 1, 2, 
1 j ^1,2, 



A 



1 -1 
-1 1 -1 
-1 1 



then 36 {aP;jk)s are expressed by 

J, JA, AJ, AiA. 

More explicitly, 



[{a(3]jk)\r (a/3) = (12), (23), (34) 
\ (ifc) = (24), (14), (13) 

[(a/3;jfc)]r (c,/3) = (24),(14),(13) = 
I Ofe) = (12), (23), (34) 



A3, 



(12; 24) (12; 14) (12; 13) 
(23; 24) (23; 14) (23; 13) 
(34; 24) (34; 14) (34; 13) 

(a/3) = (24), (14), (13) 
\ (jfc) = (24), (14), (13) 



Proof: By using the proposition [5], we liave 



(12; 24) 



J 



12; 21) + (12; 23) + (12; 24) 
-Jii + ^i2 + (12;24) 
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(3.1) 



(12; 13) 



By using (JHH]), 



;i2; 14) 



(12; 31) + (12; 32) + (12; 34) 
-(12; 13) - Ji2 + Ji3 

— Jl2 + ^13- 



(12; 41) + (12; 42) + (12; 43) 

-(12;14)-(12;24)- Ji3 
-(12; 14) - Jn + J12 - Jis 
— Jii + J12 — J13. 



(3.2) 



(3.3) 



In a similar way, we find that 36 {a(3\jk)s are expressed by the linear com- 
bination of 9 JqjS. Therfore we conclude the proof. 

By this proposition [HI we have only to show 9 J^jS as combinations of 
three of them, say Jn, J22, J33 , we need more nonlinear relations between 
these invariant phases. The following proposition gives the relations of them. 
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Proposition 7. (I) 

< a/3;jk > {a/3; kl)+ < a/3; kl > {a/3;jk) =< a/3; kk > {a/3;jl) (3.4) 

< ap; jk > {pr, Jk)+ < Pr, jk > {aP; jk) =< pp; jk > (07; jk) (3.5) 

(W 

< aP; jk >< aP; lm> — < aP; jm >< aP; kl >= {aP; jl){aP; km) (3.6) 

< ap;jk >< -f6;jk > - < a6;jk >< Pr,jk >= {ar, jk){p6; jk) (3.7) 
Proof: We can prove them by a straightforward calculation. 

For example, we put (aP) = (12), j = 1, A; = 2, / = 3 in (13. 4p . then 
< 12; 12 > (12; 23)+ < 12; 23 > (12; 12) = < 12; 22 > (12; 13) 

-Rll<^12 + -Rl2^11 = |Vl2V22p( — ^12 + ^13) 
— (|V^12V22p + -Rll)-^12 + |Vl2V^22p</l3 = Ru-Ju 



Thus, we obtain the relations in [6j as follows; 



- -(\Vl2V22\'^ + Rll) 


|Vl2V22|^ 
















J12 





IV33V34I2 





-(1^33 Vj4l^ + -R33) 










Jl3 








-(IV21V22P + 












■J 21 














|V33V43l^ 


-(lV33^'43l'' + -R33) 




-^23 
















-^22 




J 31 








1^23^33 1^ 


-iJ22 










J32 



R12J11 
R23J33 
_ R21J11 
R32J33 
(IV32V553P + -R32) J22 

(1^23 + R23)J22 

Since the rank of the coefficient matrix are generally six, we showed that 36 
{aP;jk)s are expressed by Jn, J22 and J33. 

4 Discussion 

In this paper, we showed the explicit calculation of Jarlskog's determinant in 
the case of 4 families and we realized that it was hard to use the determinant 
for investigations of CP violation in the case of n > 4. Next, we studied Jarl- 
skog's invariant phases of unitary matrices instead of the determinant. Then 
we gave some useful formulas for them and derived the detailed dependency 
of them. Mathematically, a generalization of proposition [6] is an interesting 
problem. It is a future task. 



13 



Acknowledgements 



The author is very grateful to Kazuyuki Fujii for helpful suggestion and 
comments on an earlier draft on this paper. 

References 

[1] N.Cabibbo, Unitary Symmetry and Leptonic Decays, Phys. Rev. Lett. 
10(1963), 531. 

[2] M.Kobayashi and T.Maskawa, CP-violation in the Renormalizable The- 
ory of Weak Interaction, Prog. Theor. Phys. 49(1973), 652. 

[3] C.Jarlskog, Commutator of the Quark Mass Matrices in the Standard 
Electroweak Model and a Measure of Maximal CP Nonconservation, 
Phys. Rev. Lett. 55(1985), no.lO, 1039-1042. 

[4] C.Jarlskog, Flavor Projection Operators and Applications to CP viola- 
tion with any number of families, Phys. Rev. D 36(1987), no. 7, 2128- 
2136. 

[5] C.Jarlskog, A Recursive Parameterisation of Unitary Matrices, 
J.Math.Phys.46(2005), 103508, | Sith-ph/0504049 [ 

[6] C.Jarlskog, Recursive Parameterisation and Invariant Phases of Unitary 
Matrices, J.Math.Phys.47(2006), 013507, |math-ph/05 10034. 

[7] K. Fujii, Comment on 'A Recursive Parameterisation of Unitary Matri- 
ces", quant-p h/0505047, 

[8] K. Fujii, K.Funahashi, T.Kobayashi, Jarlskog's Parametrization of Uni- 
tary Matrices and Qubit Theory, Int.J.Geom.Methods Mod. Phys., 
3(2006), 269,lquant-ph/0508006. 

[9] C.Jarlskog and R.Stora, Unitarity Polygons and CP Violation Areas and 
Phases in the Standard Electroweak Model, Phys. Lett. B208(1988), 268. 

[10] G.W.Gibbons, S.Gielen, C.N.Pope and N.Turok, Naturalness of CP 
Violation m the Standard Model, Phys.Rev.Lett. 102(2009)121802, 
larXiv:0810.4 368 [hep-th] . 

[11] K. Fujii, A Ceometric Parametrization of the Cabibbo-Kobayashi- 
Maskawa Matrix and the Jarlskog Invariant, larXiv:0901.2180i to appear 
in Int.J.Geom.Methods Mod. Phys. 



14 



